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e11-1. The 200-kg crate is on the lift table at the position 
6 = 30°. Determine the force in the hydraulic cylinder AD 
for equilibrium. Neglect the mass of the lift table’s 
components. 


Free - Body Diagram: When 6 undergoes a positive virtual displacement of 50, the dash line configuration 
shown in Fig. a is formed. We observe that only the force in hydraulic cylinder F4p acting at point D and the 
weight of the crate W, do work when the virtual displacements take place. 


Virtual Displacement: The position of F 4p acting at point D and the point of application of Wy are specified by 
the position coordinates yp and y, , measured from the fixed point B. 

Yp =2.4sin@ 5yp = 2.4c0s 050 () 

yy = 2(2.4sin 8)+ b dy = 4.8008 650 (2) 


Virtual Work Equation: Since F 4p acts towards the positive sense of its corresponding virtual displacement, its 
work is positive. The work of W, is negative since it acts towards the negative sense of its corresponding virtual 
displacement. 

5U =Q Fan 5yp +[-200(9.81)5);]=0 @ 
Substituting Eqs. (1) and (2) into Eq. (3), 


Fp (2.4008 658 ) — 200(9.81 (4.8 cos 658 )= 0 
cos 650(2.4 Fan — 9417.6)= 0 


Since cos 656 # 0, then 
2.4 Fp - 9417.6 =0 
Fap = 3924 .N =3.92kN 


Note. Fp remains constant regardless of angle 6. 


W, = 2000961) N 
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11-2. The uniform rod OA has a weight of 10 lb. When the 
rod is in a vertical position,@ = 0°, the spring is unstretched. 
Determine the angle @ for equilibrium if the end of the spring 
wraps around the periphery of the disk as the disk turns. 


k = 30 lb/ft 


Free Rudy Diagram : The system has only one degree of freedom defined by 
the independent coordinate 6. When 6 undergoes a positive displacement 50, 
only the spring force and the weight of rod (10 Ib force) do work. 


Virtual Displacements : The 10 lb force is located from the fixed point O 
using the posiuon coordinate yg, and the virtual displacement of point C is dx¢. 


Ye =lcos@ dy, =~sin 050 (0) 
dxc = 0.550 (2) 


Virtual - Work Equation :; When points B and C undergo positive virtual 
displacements dy, and dx¢, the 10 lb force and the spring force F,,, do > id 
work. 


5U=0; l05y,+F,, dxo =0 (3] 


Substinsang Eqs. [1] and [2] into (3] yields 


(- 10sin 6 »0.5F, ) 5@=0 {4} 


However, from the spring formula, F, = kx = 30(0.58) = 150. Substituting 
this value into Eq. [4] yields 


(- 10sin 6.7.56) 50 =0 


Since 56 # 0, then 
--10sin @--7.50=0 


Solving by tial and error 
A#=0° and @=73.1° 
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11-3. The “Nuremberg scissors” is subjected to a 
horizontal force of P = 600 N. Determine the angle @ for 
equilibrium. The spring has a stiffness of k = 15 kN/m and 
is unstretched when 6 = 15°. 


Free - Body Diagram: When 6 undergoes a positive virtual angular displacement of 50, the dash line configuration 
shown in Fig. a is formed. We observe that only the spring force F,, acting at points A and B and the force P do work 
when the virtual displacements take place. The magnitude of F,, can be computed using the spring force formula, 


Fey = kx = 110° [X0.2sin @) — 2 0.2sin15°)] = 6000sin@ — 0.2588)N. 


Virtual Displacement: The position of points A and B at which F,,, acts and point C at which force P acts are specified by 
the position coordinates y4, yg, and yc, measured from the fixed point E, respectively. 

YA = 0.2sin@ dy, = 0.2.cos 050 (1) 

yp = X0.2sin 6) dyp = 0.6cos 050 (2) 

yc = 8(0.2sin@) dyp = 1.6c0s050 (3) 


Virtual Work Equation: Since F,,, at point A and force P acts towards the positive sense of its corresponding virtual 
displacement, their work is positive. The work of Fp at point B is negative since it acts towards the negative sense of its 


corresponding virtual displacement. Thus, 


dU = 0, Fep 54 + (—Fp5vp) + Poyc = 0 (4) 


Substituting F,, = 6000(sinO — 0.2588), P =600N, Eqs. (1), (2), and (3) into Eq. (4), 
6000(sin@ — 0.2588)(0.2.cos 650 — 0.6 cos 850 ) + 600(1.6 cos 850 ) = 0 
cos 656[-2400(sind — 0.2588)+ 960] = 0 


Since cos 650 # 0, then 
—2400(sin@ — 0.2588) + 960 = 0 
6 = 41.2° 
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*11-4. The “Nuremberg scissors” is subjected to a 
horizontal force of P = 600 N. Determine the stiffness k of 
the spring for equilibrium when 6 = 60°. The spring is 
unstretched when @ = 15°. 


Free - Body Diagram: When @ undergoes a positive virtual angular displacement of 50, the dash line configuration 
shown in Fig. a is formed. We observe that only the spring force Fp acting at points A and B and the force P do work 
when the virtual displacements take place. The magnitude of F,, can be computed using the spring force formula. 


Fep = ke = H2(0.2sin6 )— 2(0.2sin 15°)] =(0.4)A(sin® — 0.2588) N 


Virtual Displacement: The position of points A and B at which F,, acts and point C at which force P acts are specified by 
the position coordinates y4, yg, and yc, measured from the fixed point E, respectively . 

ya = 0.2sin 5y4 = 0.2008 650 (1) 

yp = X0.2sin @) dyz = 0.6008 650 (2) 

Yc = K0.2sin8) dyz = 1.6008650 (6) 


Virtual Work Equation: Since F,, at point A and force P acts towards the positive sense of its corresponding virtual 
displacement, their work is positive. The work of Fp at point B is negative since it acts towards the negative sense of its 
corresponding virtual displacement. Thus, 

6U =0, Fey v4 +(- sp)B) + Pdyc =0 (4) 


Substituting F,, =(sin@ — 0.2588), P = 600, Eqs. (1), (2), and (3) into Eq. (4), 
(0.4)k(sin® — 0.2588)(0.2 cos6 6) — 0.6c0s 658) + 600(1.6cos 656) = 0 
cos 658[-0.16k(sin8 — 0.2588) + 960] = 0 


Since cos 656 # 0, then 
—0.16k(sin@ — 0.2588) +960 = 0 


= 9881 N/m=9.88kN/m 
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e11-5. Determine the force developed in the spring 

required to keep the 10 lb uniform rod AB in equilibrium 

when 6 = 35°. k = 15 lb/ft 
DAA 


M = 10\Ib- ft 


Free - Body Diagram : The system has only one degree of freedom defined by 
the independent coordinate 8. When 6 undergoes a positive displacement 58, 
only the spring force F,, the weight of the rod( 10 Ib) and the 10 Ib: ft couple 
moment do work. 


Virtual Displacements : The spring force F,, and the weight of the rod 
(10 ib) are located from the fixed point A using position coordinates x, and 
Xc, respectively. 


xX, =6cos@ dx, =-6sin 050 (1 
yo =3sin@  dyc =3cos 656 [2] 


Virtual - Work Equation : When points B and C undergo positive virtal 
displacements 5xg and Sy¢, the spring force F,, and the weight of the rod 
(10 Ib) do negative work. The 10 Ib - ft couple moment does negative work 
when rod AB undergoes a positive virtual rotation 58. 


5U=0; -F, dx, -105y--1068=0 
Substituting Eqs. [1] and (2} into (3] yields 
( 6F,, sin 6-30cos @- 10) 58 =0 
Since 66 # 0, then 
6F,,sin @- 30cos 6- 10=0 


F _ 30cos +10 
1 6sin @ 


At the equilibrium position, @ = 35°. Then 


_ Wcos 35°+ 10 


= —— = 10.0 Ib 
- 6sin 35° 
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11-6. Ifa force of P = 5 lb is applied to the handle of the 
mechanism, determine the force the screw exerts on the cork 
of the bottle. The screw is attached to the pin at A and passes 
through the collar that is attached to the bottle neck at B. 


Free - Body Diagram: When 6 undergoes a positive virtual angular displacement of 50, the dash line configuration 
shown in Fig. a is formed. We observe that only the force in the screw F, and force P do work when the virtual displacements 
take place. 


Virtual Displacement: The position of the points of application for F, and P are specified by the position coordinates y4 andyp, 
measured from the fixed point B, respectively . 

ya = 2(3sin6) dy, = 600s 050 (1) 

yp = &3sin@) dyp = 18co0s 050 (2) 


Virtual Work Equation: Since P acts towards the positive sense of its corresponding virtual displacement, it does positive work. 
However, the work of F, is negative since it acts towards the negative sense of its corresponding virtual displacement. Thus, 
5U = 0, Pdyp +(-Fdy,)=0 (6) 


Substituting P = 5 Ib, Egs. (1) and (2) into Eq. (3), 
5(18 cos 650 ) — F, (6.cos850 ) = 0 
cos 650(90 — 6F,) = 0 


Since cos 650 # 0, then 
90-6F,=0 
F, =15 Ib 
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11-7. The pin-connected mechanism is constrained at A by 
a pin and at B by a roller. If P = 10 lb, determine the angle 
6 for equilibrium. The spring is unstretched when 6 = 45°. 
Neglect the weight of the members. 


x= | cosé 

F,=ks; F = 5Qicos @ - icos 45°) 
bU = 0; -F&+P&=0 
-5QIcos @ - Icos 45°) + 10 = 0 


6=24.9° Ans 
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*11-8. The pin-connected mechanism is constrained by a 
pin at A and a roller at B. Determine the force P that must 
be applied to the roller to hold the mechanism in 
equilibrium when 6 = 30°. The spring is unstretched when 
0 = 45°. Neglect the weight of the members. 


x= loosé 
U=20; P&-F & =0 
P =F. 
When 6 = 45°, x = Icos 45° = 0.7071 ft 
Whea @ = 30°, x = Icos 30° = 0.86602 ft 
Fp =k; F = 50(0.86602 - 0.7071) = 7.95b 


P=7.95lb Ans 
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e11-9. Ifa force P = 100N is applied to the lever arm of 
the toggle press, determine the clamping force developed in 
the block when 6 = 45°. Neglect the weight of the block. 


Free - Body Diagram: When 6 undergoes a positive virtual angular displacement of 56, the dash line configuration shown in Fig. 
a is formed. We observe that only force P and the clamping force F¢ do work when the virtual displacement takes place. 


Virtual Displacement: The position of point Dat which Fr acts is specified by the position coordinate yp. 
Yp = X0.20c0s 8) d5yp = -04sin 050 (1) 


Since 56is very small, the virtual displacement of point A at which force P acts is 
dy, = 0.550 (2) 


Virtual Work Equation: Since Fr and Pact towards the negative sense of their corresponding virtual displacements, their work is 
negative. Thus, 
ou =0, ~Poy, +(-Fedp) =0 3) 


Substituting P = 100N, Eqs. (1) and (2) into Eq. (3), 
—100(0.55) — Fg(-0.4sin 658) = 0 
50(-50+ 0.4Ff sind) = 0 


Since 56 # 0, then 
-50+ 0.4Fg sind = 0 


= = 176.78N =177N 
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11-10. When the forces are applied to the handles of the 
bottle opener, determine the pulling force developed on 


the cork. 


Free - Body Diagram: When the handle undergoes a virtual angular displacement of 50, only forces P and F do work, 


Fig. a. 
Virtual Displacement: Since 5@is very small, the virtual displacements of forces P and F can be approximated as 
(1) 


Sp = 0.0950 
(2) 


dF = 0.01550 
Virtual Work Equation: Since P acts towards the positive sense of its corresponding virtual displacement, its work is 
positive. However, force F does negative work since it acts towards the negative sense. 
5U = 0, 2(P5p)+(-FdF)=0 (3 
Substituting P = 5 N and Eqs. (1) and (2) into Eq. (3), 


2[5(0.0958 )] - F (0.01558) = 0 
50(0.9 - 0.015F) = 0 


Since 60 # 0, then 
0.9-0.015F =0 


F=60N 


( 
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11-11. If the spring has a stiffness k and an unstretched 
length /), determine the force P when the mechanism is in 
the position shown. Neglect the weight of the members. 


yuUosd, dy = -2sind 50 
zs=ulsn0, & =!03050 

SU =0; -P&-F, by=0 
~P(cos@ 56) + F,(2sin@ 56) = 0 


~P cos + 2F, sm@ = 0 


F, = K2lams:6 - &) 


P = %kwnd(Qlas@-&) Ans 


*11-12. Solve Prob. 11-11 if the force P is applied 
vertically downward at B. 


yn = 1ecs8, 5, = —Isin BD 

yn = Ucos8, 5, = -Usind 50 

MU =0, Pin -F 2. =0 
P(-I sin) 89 — F,(-U sin@ ) 8 =0 
P=, 


F,=ks, F, = 42 cos0 - b) 


P = 22 cos0 - &) 
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e11-13. Determine the angles 6 for equilibrium of the 
4-lb disk using the principle of virtual work. Neglect the 
weight of the rod. The spring is unstretched when 6 = 0° and 
always remains in the vertical position due to the roller guide. 


k = 50 Ib /ft 


Free Body Diagram : The system has only one degree of freedom defined by 
the independent coordinate 8. When @ undergoes a positive displacement 59, 
only the spring force F,, and the weight of the disk (4 Ib) do work. 


Virtual Displacements : The spring force F, and the weight of the disk 
(4 Ib) are located from the fixed point B using position coordinates ycand y,, 
respectively. 


yco=lsin@ dye =cos 660 {1 
y, =3sin@ dy, = 3cos 050 (2) 


Virtual - Work Equation : When points C and A undergo positive virmal 
displacements dy, and dy,, the spring force F,, does negative work while the 
weight of the disk (4 Ib) do positive work. 


46y, -F, dyc =0 [3} 


Substituting Eqs. (1) and (2) into (3} yields 


( 12-F,) cos 650 =0 


However, from the spring formula, F,, = kx = 50(Isin 6) = 50 sin 0. 
Substituting this value into Eq.[4} yields 


(12-50sin 6) cos 856 = 0 


12-50sin 6 =0 = 13.9° 


cos8=0 6=90° 
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11-14. The truck is weighed on the highway inspection 
scale. If a known mass m is placed a distance s from the 
fulcrum B of the scale, determine the mass of the truck m, if 
its center of gravity is located at a distance d from point C. 
When the scale is empty, the weight of the lever ABC 
balances the scale CDE. 


6U=0, (Wis 68) - Wad0 = 0 


(Ws - Wa)5@ = 0 


wo¥() 


maf) 
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11-15. The assembly is used for exercise. It consists of four 
pin-connected bars, each of length L, and a spring of 
stiffness k and unstretched length a (< 2L). If horizontal 
forces are applied to the handles so that 6 is slowly 
decreased, determine the angle 6 at which the magnitude of 
P becomes a maximum. 


Free Body Diagram : The system has only one degree of freedom defined by 


the independent coordinate 6. When 6 undergoes a positive displacement 56, 
the spring force F,, and force P_ do work. 


Virtual Displacements : The spring force F,, and force P are located 
from the fixed point D and A using position coordinates y and x , respectively. 


y=Leos@ Sy =-Lsin 050 8] 
x =Lsin @ 5x = Leos 650 2] 


Virtual - Work Equation : When points A, C, B and Dundergo positive 
virwal displacement dy and dx, the spring force F,, and force P do negative 
work. ‘ 
8U=0; -2F, dy-2P5x=0 (3) 
Substituting Eqs.{1] and [2] into [3] yields 
(25, sin 8- 2Pcos @) L50=0 
From the geomeuy, the spring stretches $= 2Lcos@—a Then, the spring 
force F,, = k§= k(2Lcos6— a) = 2kLcos@ — ka. Substituting this value into 
Eq. [4] yields 
(4kLsin 6cos @- 2kasin @-2Pcos 8) L56 =0 
Since L56 # 0, then 


4kLsin Ocos 9-2kasin 6- 2Pcos 6 =0 
P=k(2Lsin @— aan 6) 


dP 
In order to obtain maximum P, —- = 0. 


dP es 
7 =k ( 2Le0s@ asec’@) =0 


enae"(Z) 
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*11-16. A 5-kg uniform serving table is supported on each _ 250mm 150 mm 
side by pairs of two identical links, AB and CD, and springs 

CE. If the bowl has a mass of 1 kg, determine the angle 6 

where the table is in equilibrium. The springs each have a 

stiffness of k = 200 N/m and are unstretched when 6 = 90°. 

Neglect the mass of the links. 


Free - Body Diagram: When @ undergoes a positive virtual angular displacement of 50, the dash line configuration shown in Fig. 
ais formed. We observe that only the spring force F.,,, the weight W, of the table, and the weight W, of the bowl do work when 
the virtual displacement takes place. The magnitude of F,,, can be computed using the spring force formula, 

Fp = kx = 200(0.25cos@ ) = 50cos ON. 


Virtual Displacement: The position of points of application of W,, W,, and F, are specified by the position coordinates yg, , YG, » 
and xc, respectively. Here, yg, and yg are measured from the fixed point B while xc is measured from the fixed point D. 

¥G, = 0.25sin6 + b yg, = 0.25008060 (1) 

YG, = 0.25sin8 + a dG, = 0.25.c0s050 (2) 

X¢ = 0.250080 dtc = -0.25sin 050 (6)) 


Virtual Work Equation: Since W,, W,, and F,, act towards the negative sense of their corresponding virtual displacement, their 
work is negative. Thus, 
BU =0, Wisc, +(-Widva, )+(-Fipdtc)=0 (4) 


Substituting W, -(j}o2n=as0sn, W, -(3}>sn- 24.525N, Fop = S0cosON, Eqs. (1), (2), and (3) into Eq. (4), we have 


—4,9050.25 cos 658 ) - 24.525(0.25.c0s 850 )— 50.cos@(—0.25sin850 ) = 0 
68(—7.3575cos@ + 12.5sin 8 cos 6) = 0 


Since 50 # 0, then 
-7.3575cos@ + 12.5sin@ cos? = 0 
cos 6(—7.3575 + 12.5sin@ )= 0 


Solving the above equation, 
cosO=0 6 =90° 
-7,3575+ 12.5sin0 = 0 
6 =36.1° 
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e11-17. A 5-kg uniform serving table is supported on each _ 250mm 150mm 
side by two pairs of identical links, AB and CD, and springs 
CE. If the bowl has a mass of 1 kg and is in equilibrium when 
6 = 45°, determine the stiffness k of each spring. The springs 
are unstretched when 6 = 90°. Neglect the mass of the links. 


Free - Body Diagram: When 6 undergoes a positive virtual angular displacement of 56, the dash line configuration shown in Fig. 
ais formed. We observe that only the spring force F,,,, the weight W, of the table, and the weight W,, of the bowl do work when 
the virtual displacement takes place. The magnitude of F,,, can be computed using the spring force formula, 

Fp = ke = k(0.25cos@ ) = 0.25k cos0. 


Virtual Displacement: The position of points of application of W,, W;, and F, are specified by the position coordinates yG,. YG, » 
and xc, respectively.Here, yg, and yg are measured from the fixed point B while xc is measured from the fixed point D. 

YG, = 0.25sind + b 5yG, = 0.25008060 (1) 

YG, = 0.25sin0 +a dyG, = 0.25008050 (2) 

X¢ = 0.250080 dxc = -0.25sin 050 (6)) 


Virtual Work Equation: Since W,, W,, and F,,, act towards the negative sense of their corresponding virtual displacement, their 
work is negative. Thus, 


5U =0, -WydrG, +(-W,dyG, )+(—Fpditc )=0 (4) 


Substituting Wp -(+}os =4905N, W, -(3}ss0 =24.525N, Fyy = 0.25h00s ON, Eqs. (1), (2), and (3) into Eq. (4), we have 
—4,905(0.25 00s 050 ) - 24.525(0.25:008059 )— 0.25k cos 6(-0.25 sin868) = 0 
80(—7.3575¢0s0 + 0.0625k sind cos) = 0 


Since 50 # 0, then 
~7.3575c0s@ + 0.0625k sin@ cos 8 = 0 


I 


O2G5NON 0255iNQm AEE” 


(2) 
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11-18. If a vertical force of P = 50N is applied to the 
handle of the toggle clamp, determine the clamping force 
exerted on the pipe. 


Free - Body Diagram: When 6 undergoes a positive virtual angular displacement of 50, the dash line configuration shown in Fig. a 
is formed. We observe that only force P and the clamping force F do work when the virtual displacement takes place. 


Virtual Displacement: Since 50is very small, the virtual displacement of point C can be appoximated by 6c = {0.0458 m. From 
the geometry shown in Fig. b, the horizontal and vertical components of dc are given by (6c), = 6c sin@ = 40.045 sin@& and 
(5c)y =5¢ 008 8 = J0.045 00s050, respectively. By referring to Fig. a, we notice that 54 = (5c )y = 40.045 sin650. Also, 

- Or 


§ =7= os or Sp = 0.666754 = 0.6667f0.045 sin650 


and 


_ Gedy _ £0,045 00050 


= 3.333.g0.045 
33 a3 3.333.J0.045 cos 050 


ox 


5p = 0.5ir+(5c)y = 0.4 3.333¥0.045 0650 }+f0.045 ©0050 = 2.666740.045 cos 650 


Virtual Work Equation: Since Facts towards the positive sense of its corresponding virtual displacements, its work is positive. 
However, P does negative work since it acts in the negative sense of its corresponding virtual displacement. Thus, 
6U =Q Fér +(-P5p)=0 


Substituting P = 50 N and the results of 5¢ and 6p into the above equation 
F (0.6667 40.045 sin660 ) — 50(2.6667e] 0.045 cos650 )= 0 
J0.04550(0.6667F sin8@ — 133.33 cos@ )= 0 


Since J 0.04556 # 0, then 
0.6667F sin@ — 133.33 cos6 = 0 
_ 200cos0 


F 
sin@ 


At@ =45°, 
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11-19. The spring is unstretched when 0 = 45° and has a 
stiffness of k = 10001b/ft. Determine the angle @ for 
equilibrium if each of the cylinders weighs 50 lb. Neglect the 
weight of the members. The spring remains horizontal at all 
times due to the roller. 


Free - Body Diagram: When 6 undergoes a positive virtual angular displacement of 50, the dash line configuration shown in Fig. 
a is formed. We observe that only the spring force F,,, and the weight W of the cylinder do work when the virtual displacement 
takes place. The magnitude of F,, can be computed using the spring force formula, 


Fay = kx = 1000(2sin 45° —2sin@) = 2000(0.7071 — sin@ ) Ib. 


Virtual Displacement: The positions of the points of application of W and F,, are specified by the position coordinates yy andxp, 
measured from the fixed point A. 

Yw = 4cos0+b yw = —-4sin 650 (1) 

Xe = 2sin@ oxg = 200s 050 (2) 


Virtual Work Equation: Since W and F,,, act towards the positive sense of their corresponding virtual displacements, their work is 


positive. Thus, 
5U =0, 2Wayw + Fepdte = 0 ) 


Substituting W =50 Ib, Fyp = 2000(0.7071 — sin@ ), Eqs. (1), and (2) into Eq. (3), 
2(50)(—4 sin@5@ ) + 2000(0.7071 — sin@ )(2cos850 ) = 0 
58(—400sin@ + 2828.43cos @ — 4000 cos 6 sin? ) = 0 


Since 56 + 0, then 
—400 sin@ + 2828.43 cos@ — 4000cos@ sin@ = 0 


Solving by trial and error, 
6 =38.8° 
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*11-20. The machine shown is used for forming metal 
plates. It consists of two toggles ABC and DEF, which are 
operated by the hydraulic cylinder. The toggles push the 
moveable bar G forward, pressing the plate into the cavity. 
If the force which the plate exerts on the head is P = 8 KN, 
determine the force F in the hydraulic cylinder when 
é = 30°. 


Free - Body Diagram: When @ undergoes a positive virtual angular displacement of 50, the dash line configuration shown in Fig. 
a is formed. 


Virtual Displacement: The position of points of application of F, and P are specified by the position coordinates yz, yg . 
and xg, respectively . 


Ye = 0.2sin8 5yg = 0.2c0s 650 

yp = 0.2sin@ dyp = 0.2c0s 650 

XG = 2(0.2.c0s6) dxg = -0.4 sind50 
Virtual Work Equation: Thus, 


5U =0 -Féyg +(-Fdyg)+(-Pakxg )= 0 


Substituting Egs. (1), (2), and (3) into Eq. (4), we have 


60(-04F cos@ + 0.4Psin@) = 0 


Since 50 + 0, then 
-Q,4F cos@ + 0.4P sin? = 0 
F = Ptan@ 


cd 


When 6 =30°, P= 8kN then 


fe 


F = 8tan30 =4.62 kN 


emete! eteteetetetans ieateatenteta 
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e11-21. The vent plate is supported at B by a pin. If it weighs 
15 Ib and has a center of gravity at G, determine the stiffness 
k of the spring so that the plate remains in equilibrium at 
6 = 30°. The spring is unstretched when 6 = 0°. 


Free Body Diagram : The system has only one degree of freedom defined by 
the independent coordinate 6. When @ undergoes a positive displacement 58, 
only the spring force F,, and the weight of the vent plate (15 lb force) do work. 


Virtual Displacements : The weight of the vent plate (15 Ib force) is located 
from the fixed point B using the position coordinate yg. The horizontal and 
vertical position of the spring force F,, are measured from the fixed point B using 
the position coordinates x, and y, , respectively. 


y¢=0.5cos@  dyq=-0.5Ssin 650 0) 
¥,4 = Icos 6 dy, =-sin 050 (2) 
x, = \sin @ 5x, = cos 656 [3] 


Virtual - Work Equation : When yg, y, and x, undergo positive virmal 
displacements dyc, Sy, and 5x, , the weight of the vent plate (15 lb force), 
horizontal component of F,, F,cos @ and vertical component of F,, F, sin ¢ 
do negative work. 


~ cos ¢ 5x, ne F,sin ody, = 15dyg =0 {4} 
Substituting Eqs.(1], [2] and [3] into [4] yields 


(-F, cos cos ¢ +F,, sin Osin 9 +7.5sin 6) 58 =0 
(-F, cos(0+ 9) +7.5sin 6) 50=0 


Since 50 # 0, then 
~F,,cos(6+ 9) +7.5sin 8=0 
7.Ssin @ 


A= cos(6+ 9) 


Icos 30° 


Peery os -1 
At equilibrium position 6 = 30°, the angle ¢ = tan (Se 


)- 10.89°. 


7.5sin 30° 


ee 4961 
+P cos (30° + 10.89%) 


Spring Formula : From the geometry, the spring stretches 
x= (4+ 12 ~2(4) (1) cos 120° ~ /42 + 12 = 0.4595 ft 
F, kx 
4.961 = k(0.4595) 
k = 10.8 lb/ft 
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11-22. Determine the weight of block G required to 

balance the differential lever when the 20-Ib load F is le 
placed on the pan. The lever is in balance when the load and j j TTT aT ] 
block are not on the lever. Take x = 12 in. 


Free - Body Diagram: When the lever undergoes a virtual angular displacement of 50 about point B, the dash line configuration 
shown in Fig. a is formed. We observe that only the weight Wg of block G and the weight We of load F do work when the virtual 
displacements take place. 


Virtual Displacement: Since dyg is very small, the vertical virtual displacement of block G and load F can be approximated as 
dyg = (12 +450 = 1650 (1) 
yp = 266 (2) 


Virtual Work Equation: Since Wg acts towards the positive sense of its corresponding virtual displacement, its work is positive. 
However, force Wr does negative work since it acts towards the negative sense of its corresponding virtual displacement. Thus, 


5U =0, Wedyg +(-Wrdyr) = 0 (3 


Substituting Wg = 20 Ib and Eggs. (1) and (2) into Eq. (3), 
Wg (1650) — 20 250) = 0 
50(16Wg -40)=0 


Since 66 # 0, then 
IW -40=0 
Wg = 2.5 Ib 
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2 Ib, determine its position x for equilibrium of the 
differential lever. The lever is in balance when the load and TTT 
block are not on the lever. 


11-23. If the load F weighs 20 lb and the block G weighs 4 paid 4 al | 
Cc G 
mm] 


Free - Body Diagram: When the lever undergoes a virtual angular displacement of 50 about point B, the dash line configuration 
shown in Fig. a is formed. We observe that only the weight Wg of block G and the weight W;- of load F do work when the virtual 
displacements take place. 


Virtual Displacement: Since dyg is very small, the vertical virtual displacement of block G and load F can be approximated as 
dyg = (4+x)60 (1) 
dy r = 260 (2) 


Virtual Work Equation: Since Wg acts towards the positive sense of its corresponding virtual displacement, its work is positive. 
However, force Wr does negative work since it acts towards the negative sense of its corresponding virtual displacement. Thus, 


6U =0 WoovGg +(-Wpdyr) =0 (3 


Substituting Wr = 201b, Wg = 2b, Eqs. (1) and (2) into Eq. (3), 
2(4+x 50 — 20/250) = 0 
60[2% 4 +x)— 40] = 0 


Since 50 # 0, then 
2(4+x)-40=0 
x= 16in. 
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*11-24. Determine the magnitude of the couple moment 
M required to support the 20-kg cylinder in the 
configuration shown. The smooth peg at B can slide freely 
within the slot. Neglect the mass of the members. 


Free - Body Diagram: When @ undergoes a positive virtual angular displacement of 50, the dash - line configuration shown in 
Fig. a is formed. We observe that only the couple moment M and the weight Wg of the cylinder do work when the virtual 
displacement takes place. 


Virtual Displacement: The position of the point of application of Wz is specified by the position coordinate y¢ , measured from the 
fixed point C. 
Ye = b-25sind 5yg¢ = -—2.5c0s 650 (1) 


From the geometry shown in Fig. b, we obtain 


Virtual Work Equation: Since Mand W, act in the positive sense of their corresponding virtual displacements, their work is positive. 
Thus, 
bU =@ M656 + Wr dye =0 @ 


Substituting We = 20(9.81) N and Eqs. (1) and (2) into Eq. (3), 
M (250) + 20(9.81)( -2.5cos 658) = 0 
50(2M —490.5cos @)=0 


Since 50 # 0, then 
2M —490.Scos 6 = 0 
M = 245.25c0s 6 


At@ = 30°, 
M = 245.25cos 30° = 212N -m 
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e11-25. The crankshaft is subjected to a torque of 
M = 50 1b: ft. Determine the vertical compressive force F 
applied to the piston for equilibrium when 6 = 60°. 


Free Body Diagram : The system has only one degree of freedom defined by the 
independent coordinate 6. When 6 undergoes a positive displacement 58, only the 
force F and couple moment M do work. 


Virtual Displacements : Force F is located from the fixed point A using the 
Positional coordinate y_. Using the law of cosines. 


S* = y2. +3*-~2(y¢) (3) cos(90° - 6) 


However, cos (90° - 8) = sin8. Then Eq. [1] becomes 25 = y2. +9-6ycsind, 
Differentiating this expression, we have 


0= 2yc dye - 65ycsinO- 6y-cos 050 
_ Syccos 6 
Yo = >.-ane [2] 


Virtual - Work Equation : When point C undergoes a positive virmal displacement 
5yc, force F does negative work. The couple moment M does positive work when 
link AB undergoes a positive virmal rotation 58. 


5U=0; -Féy-+M50=0 (3) 


Substituting Eq.(2] into [3] yields 


6y-cos 6 
( Ie ~6sin 6 gF+m)s0=0 


6yccos 6 
2yc—6sin 6 
2y-—6si 
a Yo 6sin ou 
6yccos 6 


F+M=0 


F 


At the equilibrium position, 4 = 60°. Substituting into Eq.{1], we have 


5? = yh +3*-2(y¢)(3) cos 30° 
Yo = 7.368 in. 


Substituting the above results into Eq. [4] and sewing M = 50 Ib- ft, we have 


—— 
6(7.368) cos 60° 


|soazinyn =259lb ~—s Ans. 
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11-26. If the potential energy for a conservative one- 
degree-of-freedom system is expressed by the relation 
V = (4x° — x? — 3x + 10) ft-lb, where x is given in feet, 
determine the equilibrium positions and investigate the 
stability at each position. 


Va dy -7 ~ 32410 


oe 122 -2r-3=0 


pa 2tVC2P—412K-3) 
yr) 


220.590 and -0.424h 


ay 
ae? 


. #v 
At x= 0.590 ft Ga 7 2M0.590)-2 = 12.2>0 stable §=Ans 


= @V 
At x= -0.424 ft Ga ~ 2K-0.424)-2 = -12.2<0 Gasteble Ans 


11-27. If the potential energy for a conservative one- 
degree-of-freedom system is expressed by the relation 
V = (24sin @ + 10 cos 26) ft-lb, 0° = 6 = 90°, determine 
the equilibrium positions and investigate the stability at 
each position. 


V= 24sin@+ 10cos20 
Equilibrium Position : 
“- 24cos 6- 20sin20 =0 
24cos @— 40sin @cos é =0 
cos 0(24- 40sin@) = 0 
cos6 =0 


24-40sin@ =0 


dv : 
e = —40cos20—24sin@ 


<= 40 c08 180° -245in9 = 16> 0 stable Ans 


ae -40cos 73.7° — 24sin36.9° = -25.6<0 unstable Ans 
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*11-28. If the potential energy for a conservative one- 
degree-of-freedom system is expressed by the relation 
V = (By? + 2y? — 4y + 50) J, where y is given in meters, 
determine the equilibrium positions and investigate the 
stability at each position. 


Potential Function: 
V = 3y? +2y? —4y+ 50 


Equilibriam Configuration: Taking the first derivative of V, 


av 
Aty = 0.481 m, os) =12.7>0 Stable Ans, 


2: 
Aty = -925 m, == -12.7< 0 Unstable Ans. 
dé 
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e11-29. The 2-Mg bridge, with center of mass at point G, is 
lifted by two beams CD, located at each side of the bridge. 
If the 2-Mg counterweight E is attached to the beams as 
shown, determine the angle @ for equilibrium. Neglect the 
weight of the beams and the tie rods. 


Potential Function: With reference to the datum, Fig. a, the gravitational potential energy of the bridge and counterweight 
are positive since their centers of gravity are located above the datum. Referring to the geometry shown in Fig. b, 

YG = (030s + 2.5sin8)mand yg =(2- 2sin@) m 

Thus, 


V=V, = Zmgy= 2000(9.810.3cos 6 + 2.5sin@)+ 2000(9.81)(2 —2sin@) 
= 5886cos@ + 9810sin@ +39240 


Equilibriam Configuration: Taking the first derivative of V, 


“- —5886 sin@ + 9810cos 8 


Equilibrium requires “ = 0. Thus, 


—5886 sin@ + 9810cos @ = 0 
6 = 59.04° = 59.0° 
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11-30. The spring has a stiffness & = 600 lb/ft and is 
unstretched when 6 = 45°. If the mechanism is in equilibrium 
when 6 = 60°, determine the weight of cylinder D. Neglect 
the weight of the members. Rod AB remains horizontal at all 
times since the collar can slide freely along the vertical guide. 


Potential Function: With reference to the datum, Fig. a, the gravitational potential energy of the cylinder is positive 
since its center of gravity is located above the datum. Here, y = (5cos@ — b)ft. Thus, 


Vp = Wy = Wp(5cos 0 —b)=9Wp cos@ — sWpb 


The elastic potential energy of the spring can be computed using Vv, = ks? , Where s =(5sin@ 5sin45°) ft = (Ssin@ — 3.5355) ft. 
Thus, 


Ve = = (600XSsin@ — 3.5355)? = 7500sin2@ — 10606.60sin + 3750 


The total potential energy of the system is 
V =Vp+Ve =--SWp cos0 + 7500sin7@ — 10606.60sin 6 — #Wpb + 3750 


Equilibrium Configuration: Taking the first derivative of V, 


dV . 0 
<7 WD Bind + 1500{in@ cos ~ 10606.60.cos @ 


Equilibrium requires = = 0. Thus, 


—SW p $09 +.1500sin@ cos@ — 10606.60.cos 6 = 0 
150Qsin @ cos 8 — 10606.60cosé 
Wp = 
5sin@ 


150sin 60° cos 60° — 10606.60 cos 60° 
a = 275 |b 
5sin 60° 
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11-31. If the springs at A and C_ have an unstretched 
length of 10 in. while the spring at B has an unstretched 
length of 12 in., determine the height 4 of the platform 
when the system is in equilibrium. Investigate the stability 
of this equilibrium configuration. The package and the 
platform have a total weight of 150 Ib. ky = 20 Ib/in. 


ky =20Ibfin. ky) = 30 Ib/in. 


Potential Function: With reference to the datum, Fig. a, the gravitational potential energy of the package and the platform is 
positive since their center of gravity is located above the datum. Here, y = h + b where b is a constant. Thus, 
Vp = Wy =150(h+b)= 150h + 150b 


The elastic potential energy for the springs can be computed using V, = = is? Here, the compressions of the springs are 54 = s¢ = 


(10- A) in. and sp =(12- A) in. Thus, 
in 1 $120, 10- w? + da0x02 -h)* 


=35h7 — 760h +4160 


The total potential energy of the system is 
V=V,+V_ = 35h? -760h + 4160+ 150h + 150b 


Equilibrium Configuration: Taking the first derivative of V, 


dv 
—= 70h — 


Equilibrium requires + = 0. Thus, 
70h — 610=0 h = 8.714 in. =8.71 in. 


Stability: The second derivative of Vis 


2 
ov =0>0 stable 
dh2 
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*11-32. The spring is unstretched when 6 = 45° and has a 
stiffness of k = 1000 1b/ft. Determine the angle @ for 
equilibrium if each of the cylinders weighs 50 lb. Neglect the 
weight of the members. 


Potential Function: With reference to the datum, Fig. a, the gravitational potential energy of the cylinders is negative 
since their centers of gravity are located below the datum. Here, y = 4 cos@ + b, where b is constant. Thus, 


V, = EWy = -2[50(4 cos6 + b)] = -(400.c0s0 + 1006) 


The elastic potential energy of the spring can be computed using V, = oh? , Where s = 2sin45° —-2sin@ = 1.414—2sin@. Thus, 


V, = = (1000,(1.414 ~ 2sind)? = 2000sin? 6 - 2828.43 sin@ + 1000 


The total potential energy of the system is 
V=Ve+V, = 2000 sin? @ — 2828.43 sin — 400.cos6 — 100b + 1000 


Equilibrium Configuration: Taking the first derivative of V, 


x = 4000 sin@ cos@ — 2828.43cos 6 + 400sin@ 


Equilibrium requires s = 0. Thus, 
4000 sin® cos@ — 2828.43c0s 6 + 400 sin = 0 


Solving by trial and error, 
6 =38.8° 
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e11-33. A 5-kg uniform serving table is supported on each 250mm 150mm 
side by pairs of two identical links, AB and CD, and springs 

CE. If the bowl has a mass of 1 kg, determine the angle 0 

where the table is in equilibrium. The springs each have a 

stiffness of k = 200 N/m and are unstretched when 6 = 90°. 

Neglect the mass of the links. 


Potential Function: With reference to the datum, Fig. a, the gravitational potential energy of the bowl and the table 
are positive since their centers of gravity are located above the datum. Here, 
Gr =(0.25sin@ + a)m and yg, = (0.25sin@ + b) m. Thus, 


Vz = Emgy = 3(9:810.25sin9 +a)+2(981X0.25sin8 + 6) 
= 73575sin@ +24.525a +4.905b 


The elastic potential energy of the spring can be computed using V, = 5 ks?, where s = 0.25c0s @m. Thus, 


Ve = =(200\(0.25008 0)* = 6.250087 6 


The total potential energy of the system is 
V =Vp +Ve = 6.250086 + 7.3575sin9 + 24.525a +.4.905b 


Equilibriom Configuration: Taking the first derivative of V, 
= = —12.5c0s@ sin@ + 7.3575cos 8 


Equilibrium requires = = 0. Thus, 
—12.5co0s@ sin@ + 7.3575 cos 6 = 0 
cos 6(-12.5sin 8 + 7.3575) = 0 
csd=0 6=90° Ans, 
-12.5sin@ + 7.3575 = 0 Ans, 


aL 
= 8) N Zan 


O2G5NOMN OAsSiNG no 
(2) 
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11-34. Ifa 10-kg load J is placed on the pan, determine the 50mm 4099 mm 100 mm 
position x of the 0.75-kg block H for equilibrium. The scale is lr" t 
in balance when the weight and the load are not on the scale. 


H 


Potential Function: With reference to the datum, Fig. a, the gravitational potential energy of block His positive since its center 
of gravity is located above the datum, while the gravitational potential energy of load / is negative since its center of gravity is 


located below the datum. Here, yz = [(0.1 +x)sin@ | mand y, =(0.1sin@ +5) m where d is a constant. Thus, 
V =Vp = Emgy = 0.75(9.81X0.1 +x )sin@ + [-10(9.81X0.1sin@ + b)] 
= 7.3575(0.1+ x) sin@ — 9.81 sind — 98.1 


Equilibrium Configuration: Taking the first derivative of V, 


“ = 7.3575(0.1+ 2x cos @ — 9.81 cos@ 


Equilibrium requires a = 0.Thus, 


7.3575(0.1 +. Joos @ - 9.81 cos8 = 0 
cos 6[7.3575(0.1+ x)—9.81] = 0 
cos8=0 6 =90° 


7.3575(0.1+x)-9.81=0 
x=1.23m 


/0G-8UN 
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11-35. Determine the angles @ for equilibrium of the 
200-lb cylinder and investigate the stability of each position. 
The spring has a stiffness of k = 300Ib/ft and an 
unstretched length of 0.75 ft. 


Potential Function: With reference to the datum, Fig. a, the gravitational potential energy of the cylinder is positive since its 
center of gravity is located above the datum. Here, y = (3sin 9 — b) ft, where b is a constant. Thus, 
Vp = Wy = 200(3sin@ — b) = 600sin@ — 200b 


The elastic potential energy of spring BC can be computed using V, = oh? , where s= 2(1.5cos@ )—0.75 = (3.cos@ — 0.75) ft. Thus, 


V, = (3003 cos - 0.75)" 


= 1350cos” @ — 675c0s 6 + 84.75 


The total potential energy of the system is 
V =Vz +V_ = 1350008” 6 —675:0s 6 + 600sin 8 + 84.375 — 2006 


Equilibrium Configuration: Taking the first derivative of V, 
Sy 2 700c08 sind + 675ein 8 + G00cos 6 35in@ ft 
= —1375sin 20 + 675sin@ + 600cos0 


tum 
ae: : aes pa 
Equilibrium requires - = 0. Thus, Se ee 


~—1375sin20 + 675sin @ + 600cos @ = 0 
Solving by trial and error, 
@ =17.1° and @ =70.9° 
Stability: The second derivative of Vis 
—2700 cos 28 + 675c0s6 — 600siné 


At the equilibrium configuration @ = 17.1°, 
d?v 


—_ = ~2700 c0s34.2° + 675c0s 17.1° - 600sin 17.1° 
dO b aire 


= ~-1764 <0 unstable 
At the equilibrium configuration @ = 70.92°, 


d2V 
d’@ 


| = -2700cos 141.84° + 675c0s70.92° — 600sin79.2° 
=70.92° 


= 1776.67>0 stable 
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*11-36. Determine the angles 6 for equilibrium of the 
50-kg cylinder and investigate the stability of each position. 
The spring is uncompressed when 6 = 60°. 


Potential Function: With reference to the datum, Fig. a, the gravitational potential energy of the cylinder is positive since its 
center of gravity is located above the datum. Here, y = (1 sin@ — b) m, where b is a constant. Thus, 
Vp = mgy = 50(9.81Xsin@ — b) = 490.5sin@ — 490.5b 


The elastic potential energy of the spring can be computed using V, = 5h, where s = 2(1 cos@ — cos 60°) =(2.c0s 8 — 1) m. Thus, 


V, = 3 (900)2.08 6 - 1)? = 1800c0s76 — 1800cos 6 +450 


The total potential energy of the system is 
V=aV,+V. = 1800cas? @ — 1800cos + 490.5sin8 + 450— 490.5b 


Equilibrium Configuration: Taking the first derivative of V, 


a ~3600 sind cos 6 + 1800sin® + 490.5c0s0 


= —1800sin 20 + 1800sin 8 + 490.5 cos 0 


Equilibrium requires x = 0.Thus, 


—1800sin 20 + 1800sin®@ + 490.5c0s@ = 0 


Solving by trial and error, 
6 =16.55= 16.6" and @ = 52.9° 


Stability: The second derivative of V is 


—3600 cos 20 + 1800cos @ —490.Ssin@ 


At the equilibrium configuration @ = 16.55°, 
dv 
oat = -3600 cos 33.10° + 1800 cos 16.55° — 490.5sin 16.55° 
"0b -52.916° 
=-1430<0 unstable 
At the equilibrium configuration @ = 52.92°, 
= —3600 cos 105.84° + 1800 cos 52.92° — 490.5 sin 52.92° 


=1676.22>0 stable 
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e11-37. If the mechanism is in equilibrium when 6 = 30°, 
determine the mass of the bar BC. The spring has a stiffness 
of k = 2 kN/m and is uncompressed when 6 = 0°. Neglect 
the mass of the links. 


Potential Function: With reference to the datum, Fig. a, the gravitational potential energy of block E is negative since its center 
of gravity is located below the datum. Here, y = (0.45sin@ + b) m, where b is a constant. 
Vp = —mgy = —m F( 9.81(0.45 sin 8 + b)= —(4.414549 ¢ sind + 9.81m gb) 


The elastic potential energy of the spring can be computed using V, = ks, where s = 0.45 — 0.45 cos @. Thus, 
Ve = 5 (200040.45- 0.450080) 
= 202.5+ 202.5 cos” @ — 405 cos@ 


The total potential energy of the system is 
V=Vo+V_ =-4.4145m ¢ sind +202.500s” @ ~ 405 cos 8 —9.81m gb + 202.5 


Equilibrium Configuration: Taking the first derivative of V, 


“= —4.4145mg cos @ — 405.0s @ sin + 405 sind 


Equilibrium requires * = 0. Thus, 


—4.4145mg cos 8 — 405 cos @ sin@ + 405sin@ = 0 
atin 405 sin@ — 405 cos @ sin@ 
_— 4.145 00s 0 
When 6 = 30°, 
_ 405 sin30° — 405 cos 30° sin 30° 


=7.10kg 
4.4145 cos 30° 


ME 
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11-38. The uniform rod OA weighs 20 lb, and when the rod 
is in the vertical position, the spring is unstretched. 
Determine the position 6 for equilibrium. Investigate the 
stability at the equilibrium position. 


Potential Function : The spring stretches s = 12(6) in., where @ is in radians. 
1 
Va¥+y= 3 (201126)? + 20f 1.5(12)c08 6] 


= 1444 + 360cos 0 


& = 2880-360sin0 =0 


6 = 1.1311 rad = 64.8° 


620 Ans 


fv 


a = 288 - 360cos@ SY 

dy 

agi 7 288-360cos64.8°=135>0 stable 1.5 2) CoS@ in. PN) 
PSS 


TF = 288- 360008 0 =-12.<0 unstable Wa 


11-39. The uniform link AB has a mass of 3 kg and is pin 
connected at both of its ends. The rod BD, having negligible 
weight, passes through a swivel block at C. If the spring has a 
stiffness of k = 100 N/m and is unstretched when 6 = 0°, 
determine the angle @ for equilibrium and investigate the 
stability at the equilibrium position. Neglect the size of the 
swivel block. 


s= f(0.4)' + (0.4)? -2(0.4)' cos 
= (0.4) /2(1—cos@) 


Vs\¥+¥ 


1 
= ~(0.2}(sin6)3(9.81) + 5(100)[ (0.4)* (2)(1 - cos6)] 


a = —(5.886) cos@ + 16(sin@) = 0 (1) 


@=202° Ans 


a = 5.886 sin® + (16)c0s9 = 17.0>0 stable Ans 
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*11-40. The truck has a mass of 20 Mg and a mass center at 
G. Determine the steepest grade 6 along which it can park 
without overturning and investigate the stability in this 
position. 


Potential Function ; The datum is established at point A. Since the center of 
gravity for the truck is above the datum, its potential energy is positive. Here, 
y =(1.Ssin @+3.Scos 6) m. 


V=V, = Wy = W(1.Ssin 6+ 3.5cos 8) 


a” . dV 
Equilibrium Position : The system is in equilibrium if 76 =0 


a 5 W(1.Scos 6—3.5sin 8) =0 
FT} 
1.Scos 9-3.5sin 8=0 

6 = 23.20" = 23.2° 


Stability : 
&v = W(-1.Ssin6—3.Scos 6) 


d@ 
~ 2 = W(~1.Ssin 23.20° ~ 3.5cos 23.20°) = -3.81W <0 
dG | g=23.20° 


Thus, the truck is in unstable equilibrium at § = 23.2° Ans 


e11-41. The cylinder is made of two materials such that it 
has a mass of m and a center of gravity at point G. Show 
that when G lies above the centroid C of the cylinder, the 
equilibrium is unstable. 


Potential Function : The datum is established at point A. Since the center of 
gravity of the cylinder is above the datum, its potential energy is positive. Here, 
y =r+dcos 0. 

V=V, = Wy =mg(r+acos 6) 


_-aV 
Equilibrium Position : The system is in equilibrium if =— = 0. 


Fal acee "mesons =e 
— = v= <0 
d@ \o=0° ida . 


‘Thus, the cylinder is in unstable equilibrium at 6=0° (Q.E.D.) 
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11-42. The cap has a hemispherical bottom and a mass m. 
Determine the position h of the center of mass G so that the 
cup is in neutral equilibrium. 


Potential Function : The datum is established at point A. Since the center of 
gravity of the cup is above the damm, its potential energy is positive. Here, 
y =r-hcos 8. 

V=V, = Wy = mg(r—heos 6) 


Equilibrium Position : The system is in equilibrium if 70" 0. 


<= mghsin @ =0 


sin0=0 6=0°. 


dv 
dae + ar 0. 
Stability : To have neutral equilibrium at 6 = 0°, Fe eno = 


— = mghcos 0° =0 
@=0° 


h=0 Ans 


oad 
2 sis . av = 0° >0). 
Note: Sble Equilibrium occurs it h> 0 on mghcos 0° > ) 
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11-43. Determine the height / of the cone in terms of the 
radius r of the hemisphere so that the assembly is in neutral 
equilibrium. Both the cone and the hemisphere are made 
from the same material. 


Potential Function: The mass of the cone and hemisphere are mc = of dxr?h) = 2 pr*hand m, = of 3x79) 2pm’, 


where pis the density of the homogeneous material. With reference to the datum, Fig. a, the gravitational potential 
energy of the cone and hemisphere are positive since their centers of gravity are located above the datum. Here, 


yc= r+ cos Band ys= r~ 3 reos 6. Thus, 
V=V, = Zmgy= [Joma }e{r+4 coe) +2 pm%(e[ r- 3 reso} 
= on? ioe 2r? 370 

Equilibrium Configuration: Taking the first derivative of V, we have 


2 2 
a $f no + $7 ina Jomrsna( Hs 27] 


Equilibrium requires - = 0. Thus, 


2 
ee, Yano em occa 8 
3° rand o’ “a }-0 


sin@=0 @=0° 


Stability: The second derivative of Vis 


Ans. 


2 
“ >0 | and is unstable if 
i 


Note. The equilibrium configuration of the assembly at @ = 0° is stable if A <5 


rf Se «| 
=F 
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*11-44. A homogeneous block rests on top of the 
cylindrical surface. Derive the relationship between the 
radius of the cylinder, r, and the dimension of the block, b, 
for stable equilibrium. Hint: Establish the potential energy 
function for a small angle 6, i.c., approximate sin 9 ~ 0, and 
cos@ ~ 1 — 67/2. 


Potential Function : The datum is established at point O. Since the center of 
gravity for the block is above the datum, its potential energy is positive. Here, 


y= (+ ; Joos 6+ rOsin 8. 


V=W,= w{(r+3)oo8 8+ résin 6] 


e 
For small angle 0, sin 6 = 6 and cos 0 = 1-<. Thon Bg. {1) becomes 


_.dV 
Equilibrium Position : The system is in equilibrium if 76 =0 


w= w(r-3)e=0 6=0° 


oe md 
Stability : To have stable equilibrium , =| |_|, > 0 


ecw . w(r- 3) fad 


(3) 


b<2r 
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e11-45. The homogeneous cone has a conical cavity cut 
into it as shown. Determine the depth d of the cavity in 
terms of fh so that the cone balances on the pivot and 
remains in neutral equilibrium. 


Potential Function : The datum is established at point A. Since the center of 
Bravity of the cone is above the datum, its potential energy is positive. Here, 


1 
y =(F-d)cos a=[ nea ~ dees @= $(h~3d) 0s 6. 


7 W(h-3d) 
4 


1 
v= | Z(h-3a)eos a]. . cos 


Equilibrium Position : The system is in equilibrium if pid =0 


dV W(h-3d) . 
_—>-—_—_——sin 


de 4 


6=0 


6=0 6=0° 


2 
Stability : To have neutral equilibrium at 6 = 0°, it =0. 
d@ | ano* 


d*v _W(h- 3d) 


de ;: 


dv _W(hA-3d) 


dE | g00° 4 alii 


Ans 


a h 
Note : By substituting d= 3 into Eq.{1], one realizes that the fulcrum must be at 
the center of gravity for neutral equilibrium. 
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11-46. The assembly shown consists of a semicylinder and 
a rectangular block. If the block weighs 8 Ib and the 
semicylinder weighs 2 Ib, investigate the stability when the 
assembly is resting in the equilibrium position. Set h = 4 in. 


. 
i 


dz 44) = 1,698 in. 
3x 


V =V = 2(4 — 1.698 cos6) + 8(4 + 2 cos8) 


= = 3,395 sin@ - 16 sin@ = 0 
46 


sin@ = 0 
@= 0° (equilibrium position) 


2 
= = 3,395 cos@ - 16 cos® 


Pa (4-/698C0S@) in. 


2 
Até = 0°, qs 7 126 <0 Unstable Ans 
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11-47. The 2-lb semicylinder supports the block which has 
a specific weight of y = 80 lb/ft®. Determine the height h 
of the block which will produce neutral equilibrium in the 
position shown. 


d= 2) a 1.698 in. 
38 


h 
i =Ccos 
Vz: y = 2(4- 1.698 cos6) + [20( 5; )maxros | + 3 6) 


dV _ 3,395 sind — 1.8524" sin@ = 0 


sin@ = 0 
@=0 (equilibrium position) 


y, = (4 - 1-696 Cos8)in. 


2V _ 5.395 cosd - 1.8524" cos@ = 0 


—_ 
3.395 . 
22 = 135in. Ans 
b= Vigs 
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*11-48. The assembly shown consists of a semicircular 
cylinder and a triangular prism. If the prism weighs 8 Ib and 
the cylinder weighs 2 lb, investigate the stability when the 
assembly is resting in the equilibrium position. 


Ye 


ORB = — = 1.70in. 


44) 
3x 


OA = 30 2 2in 


<Vc 2 2(4 - 1.70 cos8) : en L 
V =V, = 8(4 + 20088) + Qs SAS OR 
V = 40 + 12.6 cosé 


dv 


WV 2 ~12.6sind = 0 1 (4-|-70G0s 8)iN. 
d0 
@=0 Ans (for equilibrium) 


#V _ 12.6080 
rT 


ALO = 0°, 


av. -12.6<0 unstable Ans 
de 
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11-49. A conical hole is drilled into the bottom of the 
cylinder, and it is then supported on the fulcrum at A. 
Determine the minimum distance d in order for it to remain 
in stable equilibrium. 


i: 
He 


Potential Function: First, we must determine the center of gravity of the cylinder. By referring to Fig. a, 


6h? — d2 


arr rcemere (1) 


pw*h-+pmd 4(3h — d) 


With reference to the datum, Fig. a, the gravitational potential energy of the cylinder is positive since its center 
of gravity is located above the datum. Here, 


2 2 2 2 

= 6h* —d 6h” —12hd + 3d 

= -d SS | ee — =|—_—_—_ 
y=(9 )cos@ | had) Jono | 7Gha |oxo 


4(3h— d) 


2 2 
Vavy=my=} St ae] 


Equilibrium Configuration: Taking the first derivative of V, 
dv 6h? - 12hd +3d? | . 
— = -w| ——————_ |sino 
dé 4(3h-d) 


Equilibrium requires 2 = 0. Thus, 


6h? — 12hd +37 
4(3h—d) 
sin@d =0 0° 


ine =0 


Stability: The second derivative of V is 


_ | Sh? = 12hd + 3d? 
4(3h -d) 


To have neutral equilibrium at @ = 0°, 


_ | 6b2 = 12hd +34? 
4(3h—d) 


6h? — 12hd + 3d2 =0 


_ 12h A-12hy? —4@x6n?) 


23) 
Note. If we substitute d = 0.5858h into Eq. (1), we notice that the fulcrum must be at the center 
of gravity for neutral equilibrium. 


d = 0.5858h = 0.586h Ans. 
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11-50. The punch press consists of the ram R, connecting 
rod AB, and a flywheel. If a torque of M = 50N-m is 
applied to the flywheel, determine the force F applied at the 
ram to hold the rod in the position 6 = 60°. 


Free Body Diagram : The system has only one degree of freedom defined by the 
independent coordinate 6. When 6 undergoes a positive displacement 58, only 
force F and 50 N- m couple moment do work. 


Virtual Displacements : The force F is located from the fixed point A using the 
position coordinate x, . Using the law of cosines, 


0.47 = x2 +0.17 -2(x,) (0.1) cos @ (1) 

Differentiating the above expression, we have 
0= 2x, dx, -0.25x, cosO+0.2x, sin 056 
he, ae (21 
Virtual - Work Equation : When point A undergoes positive virtual displacement 
5x,, force F does negative work: The 50 N-m couple moment does negative work 
when the flywheel undergoes a positive virmal rotation 59. 
5U=0; -Féx,-5050=0 (3) 

Substituting Eq. (2) into [3] yields 


= 0.2x, sin @ 
0.2cos @- 2x, 


F-$0)50=0 


Since 56 # 0, then 
__0.2x, sin 
0.2cos @-2x, 
Fe _50(0.2cos — 2x,) 
0.2x, sin 6 


F-50=0 


{4} 


At the equilibrium position, 6 = 60°. Substituting into Eq.[1], we have 
Substimsting the above results into Eq. [4], we have 
0.47 = x3 +0.1?-2(x,)(0.1) cos 60" 


¥, = 0.4405 m = —20(0.2cos 60° - 2(0.4405)]} 


0.2(04405)sin oo” 2N 
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11-51. The uniform rod has a weight W. Determine the 
angle 6 for equilibrium. The spring is uncompressed when 
0 = 90°. Neglect the weight of the rollers. 


Potential Function : The datum is established at point A. Since the center of 
gravity of the beam is above the datum, its potential energy is positive . Here, 


y = sin @ and the spring compre'ses x = Leos 8. 
V=V,+¥, 
132 
—kx* + W. 
=> +Wy 
1 oe 
= 5 (4) (Leos 6) +w(Fsin @) 
kL? WL 


= 008" 8+ oe 6 


dv 
Equilibrium Position : The system is in equilibrium if ri 0. 


dv ‘ WL 
> hae sin 6cos 6+ ~=cos 6=0 


w 
cos o(-K"sin 6+ >) =0 


seme w(Z) 
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*11-52. The uniform links AB and BC each weigh 2 lb 
and the cylinder weighs 20 Ib. Determine the horizontal 
force P required to hold the mechanism at 6 = 45°. The 
spring has an unstretched length of 6 in. 


Free Body Diagram : The system has only one degree of freedom defined by 
the independent coordinate 8. When @ undergoes a positive displacement 56, 
only the spring force F,, the weight of links (2 Ib), 20 Ib force and force P do 
work. 


Virtual Displacements : The positions of points B, D and C are measured 
from the fixed point A using position coordinates yg, yp and x; respectively. 


Ypg = 10sin 6 Sy, = 10cos 058 {i 
Yp = Ssin 8 5yp = Scos 056 (2) 
X¢=2(10cos 6) 5x- = -20sin 050 (3) 


Virtual - Work Equation : When points B, D and C undergo positive 
virtual displacements dy,, Sypand dx¢, spring force F, that acts at point C, 
the weight of links (2 Ib) and 20 Ib force do negative work while force P does 
positive work. 

5U=0; — F, 5x¢ -2(25yp) — 205y, + Pix =0 [4] 


Substinuting Eqs.[1), (2) and (3) into [4] yields 


( 20F,, sin @-20Psin @-220cos 6 ) 50 = 0 


However, from the spring formula, F, = kx = 2[2(10cos6) - 6] 
= 40cos 6-12, Substinsting this value into Eq.[5] yields 


(800sin @cos 8-240sin 8-220cos 8-20Psin 6) 56 = 0 
Since 56 # 0, then 


800sin 6cos 8-240sin 8 -220cos @-20Psin 6 =0 
P= 40cos = L1cot 9-12 


At the equilibrium position, 6 = 45°. Then 


P= 40cos 45° = Llcot 45° ~ 12 = 5.28 b 
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e11-53. The spring attached to the mechanism has an 
unstretched length when @ = 90°. Determine the position 6 
for equilibrium and investigate the stability of the 
mechanism at this position. Disk A is pin connected to the 
frame at B and has a weight of 20 Ib. 


Potential Function : The damm is established at point C. Since the center of 
gravity of the disk is below the datum, its potential energy is negative. Here, 
y = 2(1.25cos 6) = 2.Scos @ ft and the spring compresses x = (2.5—2.5sin 6) ft 


V= +V, 


= 5(16)(2.5 -2.5sin 6) ~20(2.5cos 6) 
= 50sin?@~ 100sin @-50cos 6+ 50 


Equilibrium Position : The system is in equilibrium ree =0. 


dv 
76 = 100sin Gcos @~ 100cos 4+ SOsin 6=0 


dv 
76 = 508in 28 - 100cos 6+50sin 8=0 


Solving by ial and error, 
6 = 37.77° = 37.8° 


Stability : 


av 
77 id 100cos 28+ 100sin 6+ SOcos @ 


Pi 
q = 100cos 75.54° + 100sin 37.77° + S0cos 37.77° 


d@ | 9037.77" 
= 125.7>0 


Thus, the system is in stable equilibrium at @ = 37.8° 
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11-54. Determine the force P that must be applied to the 
cord wrapped around the drum at C which is necessary to 
lift the bucket having a mass m. Note that as the bucket is 
lifted, the pulley rolls on a cord that winds up on shaft B and 
unwinds from shaft A. 


As shaft rotaes 56 


SU 20; Pic) 50 - Fb 5+ Bio 50) =0 
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11-55. The uniform bar AB weighs 100 lb. If both springs 
DE and BC are unstretched when 0 = 90°, determine the 
angle @ for equilibrium using the principle of potential 
energy. Investigate the stability at the equilibrium position. 
Both springs always remain in the horizontal position due 
to the roller guides at C and E. 


Ok =2Ib/in. off 


Potential Function : The datum is established at point A. Since the center of 
gravity of the beam is above the datum, its potential energy is positive. Here, 
y = (3sin 6) ft, the spring at D stretches xp = (2cos @) ft and the spring at B 
compreeses x = (6cos 6) ft 
V=V,+V, 

= 5k + Wy 

= 5 (24 (200s 0)? + (48) (6cos 6)? + 100(3sin 6) 

=912cos*+ 300sin 8 


reer | f 
Equilibrium Position : The system is in equilibrium if 6 =0. 


Tr = 1824sin Geos 8+ 300c0s 6=0 


a = -B12sin 20+300cos 6=0 


8=90° or 6=9,.467° =9.47° 


av 


Te = -1824cos 26-300sin 6 


| . 
or = —-1824cos 180° - 300sin 90° = 1524 >0 


Thus, the system is in stable equilibrium at 0 = 90° 


a 
Fee ucr = —1824cos 18.933° — 300sin 9.467° = -1774.7 <0 


Thus, the system is in unstable equilibrium at 6 = 9.47° Ans 
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*11-56. The uniform rod AB has a weight of 10 lb. If the 
spring DC is unstretched when 6 = 0°, determine the angle 
6 for equilibrium using the principle of virtual work. The 
spring always remains in the horizontal position due to the 
roller guide at D. 


Lk =50Ib/ft 
D * AWW 


Ye 2 L.Scosé dy, =~1.5sind 50 
xp = 1sin@ Grp = cos 858 
dU=0, -Wéy, -F, dts =0 
~1Q(-1.5sin 858) - F, (cos @ 56) = 0 
58(15sin 9 -F, cos@) =0 
Since 560 
ISsind-F,cosa=0 (1) 
Fisk where x= Isin9 (2) 
F, = $0(sin 8) = 5O0sin9 
Substituting Eq.(2) into (1) yields : 
1Ssin @ —(50sin@)cos 6 =0 
sin 8(15-50cos@)=0 
sind =0 a= 


1$-S0cos@=0 6=72.5° 
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e11-57. Solve Prob. 11-56 using the principle of potential 
energy. Investigate the stability of the rod when it is in the 
equilibrium position. 


k = 50 Ib/ft 


Voy+Vy, = 5 (50) sind? + 10(1.$cos8) 


= 25sin? 6+ 15cos@ 


dv 
wo? 


dv ; ; 
7} = $0sin@:0s8-15sin@ =0 


sin 6(S0cos 8-15) =0 
sing =0 6=0° 


50cos 6-15 =0 6=72.5° 


av 
Te = 50cos20- 15cos@ 


At @=0°, £Y a 0c040? - 15cos0? = 35>0 stable 


At 6=72.5°, a = 50cos 145° - 15cos72.5° =-~45.5<0 unstable 
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11-58. Determine the height h of block B so that the rod 
is in neutral equilibrium. The springs are unstretched when 
the rod is in the vertical position. The block has a weight W. 


Potential Function: With reference to the datum, Fig. a, the gravitational potential energy of block B is positive since its center 
e2 
of gravity is located above the datum. Here, the rod is tilted a small angle @. Thus, y = A cos@. For a small angle 0, cos @ = 1- = 


Thus, 


e2 
Vy = Wy = ma) 


The elastic potential energy of each spring can be computed using V, = ae Since @is small, s ~/@. Thus, 
V. = 44 Kia? |- 79? 


The total potential energy of the system is 
2 
6 2p2 

V=Ve+Ve =10( 1-5} 6 
Equilibrium Configuration: Taking the first derivative of V, 

WY who + 206 = 6(-Wh +2K2) 

dé 
Equilibrium requires 70 = 0. Thus, 

@(-Wh +2) =0 

6=0° 


Stability: The second derivative of V is 


To have neutral equilibrium at 6 = 0°, 7 
dé =~ 


2 2 2 2 
Note. The equilibrium configuration of the system at @ = 0° is stable if h < = - > 0 | and is unstable if A son ao <0 
W | ae2 W \ ae? 
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